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Abstract

This article describes an approach to automatically build a
Takagi-Sugeno fuzzy model (TSK-model) based on a set
of input-output data (system identification). Identifying
rule-based fuzzy models consists of two parts: structure
modeling, i. e. determining the number of rules and input
variables involved respectively, and parameter optimiza-
tion, i. e. optimizing the rules consequences and the loca-
tion and steepness of the fuzzy sets. For structure mod-
eling, we investigate several search heuristics, also pro-
posed by Takagi, Sugeno, and Kang in [1, 2, 3] or by
Nelles in [4]. In order to find a good model structure, such
search heuristics make it necessary to optimize and then
evaluate a large number of different candidate models. To
be applicable to real world problems, the parameter opti-
mization must be highly efficient. For this, we investigate
the use of two gradient descent algorithms: standard gra-
dient descent (backpropagation) and resilient propagation
(RPROP) [5, 6]. The combination of a structure search
with a fast parameter optimization yields a powerful mod-
eling algorithm that is capable to identify large real world
systems.

Several preceding publications showed the applicability
of TSK fuzzy models to real world problems, e. g. [4, 7, 8].
In this paper we evaluate a number of varieties of TSK-like
fuzzy models by performing a nonlinear regression bench-
mark of I. Frank [9]. We compare several types of fuzzy
models that are constructed as combinations of different
fuzzy sets, structuring algorithms, and parameter optimiza-
tion techniques.

Keywords
Takagi-Sugeno fuzzy model, nonlinear system identifica-
tion, parameter optimization, algorithm evaluation, bench-
mark.

1 Introduction

The problem of finding a model that describes a techni-
cal system by using measured input-output data is known
as black box modeling or identification [10, 11]. Identifica-
tion of nonlinear systems, i. e. systems showing a nonlinear
input-output relationship, is a difficult task. For this pur-
pose, Takagi-Sugeno fuzzy models are widely investigated,
since they are universal approximators and provide good
interpolation and extrapolation characteristics [12, 13].

The proposed method of fuzzy modeling consists of two
parts: structure modeling, i. e. determining the number of
rules and input variables involved respectively, and param-
eter optimization, i. e. optimizing the location and steep-
ness of the fuzzy sets. The generality of Takagi-Sugeno
models makes it computationally costly to build them from
data. In order to keep computational costs reasonably lim-
ited, previous approaches introduced simplifications, e. g. a
predefined model structure [14, 15] or a limited parameter
optimization [2, 4].

The key aspect of this work is to achieve a combination
of both, aflexible model structureby using a bottom-up
search method and afull parameter optimizationby apply-
ing sophisticated parameter optimization techniques. Sev-
eral choices of model structures and modeling techniques
exist when designing a fuzzy model. In this paper we eval-
uate and compare 32 different TSK fuzzy modeling vari-
eties.

2 The Fuzzy Model

For building TSK fuzzy models we use membership func-
tions of either trapezoidal shape

F(u) := max(1;min(0;0.5+σ(u−µ))) (1)

or sigmoidal shape

F(u) := 1/
(
1+eσ·(u−µ)) (2)

0-7803-7087-2/01/$10.00c© 2001 IEEE



with the parametersµ andσ to be optimized. The parame-
terµ describes the location andσ describes the steepness of
the membership function. Both types of membership func-
tions are (at least piecewise) derivable, which is necessary
to apply a gradient descent algorithm. Examples of trape-
zoidal and sigmoidal fuzzy sets are depicted in figures 1
and 2.

A fuzzy model containsD fuzzy setsFd; d = 1, . . . ,D.
The index[d] ∈ {1, . . . ,N} denotes the input space dimen-
sion in which the fuzzy setFd is valid. Theindex setIr
contains the indices of all fuzzy sets that appear in ruleRr .
A fuzzy set is valid in exactly one input space dimension
and may occur in several rule premises. Theindex setJd of
the fuzzy setFd; d = 1, . . . ,D

Jd := { j : d ∈ I j ; j = 1, . . . ,R}, (3)

contains the indices of all rules that haveFd in their
premise.

The fuzzy sets are acting as borders that divide the input
space into subspaces (each of which is covered by a fuzzy
rule). Fuzzy sets are always introduced pairwise, with one
set initially covering the first half and the other set covering
the second half of a region (see section 2.2). When optimiz-
ing the parameterµ without restrictions, the initially over-
lapping fuzzy sets con diverge, yielding an invalid fuzzy
model. This problem may be avoided by linking theµ pa-
rameters of each fuzzy set pair. In this paper we investigate
both kinds of models, having eitherfreeor linkedµ param-
eters.

The fuzzy model may either contain rules withSugeno-
type consequences(C = N), i. e. a linear equation of the
input variables, or rules withYasukawa-type consequences
(C = 0), i. e. only a constant. The consequence parameter
vector is either~c = (c0,c1, . . . ,cN) or~c = (c0).

The fuzzy ruleRr has for the empty premiseIr = /0 the
general form

if TRUE then fr = c0r +c1r ·u1 + . . .+cNr ·uN︸ ︷︷ ︸
optional

(4)

and forIr 6= /0 the form

ifui1r isF1r and . . .anduinr r isFnr r then

fr = c0r +c1r ·u1 + . . .+cNr ·uN︸ ︷︷ ︸
optional

, (5)

where fr denotes the consequence of ruleRr .
Using this, thefuzzy modelM consists of a set ofR fuzzy

rulesRr ; r = 1, . . . ,R, i. e.

M := {R1, . . . ,RR}. (6)

Themembershipwr of~um to the ruleRr is given by

wr(~um) :=
î∈Ir

Fir (u[i]m) (7)

and by choosing theproductas t-norm we obtain

wr(~um) = ∏
i∈Ir

Fir (u[i]m). (8)

Thenormalized membershipvr(~u) be

vr(~u) :=
wr(~u)

R
∑

k=1
wk(~u)

. (9)

Finally, themodel output̂y(~u) is calculated viaproduct
inference(Larsen) andweighed averageby

ŷ(~u) =
R

∑
k=1

vk(~u) · fk(~u) =

R
∑

k=1

(
wk(~u) · fk(~u)

)

R
∑

k=1
wk(~u)

. (10)
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Figure 1: Sigmoidal fuzzy sets (left) and model output
(right).
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Figure 2: Trapezoidal fuzzy sets (left) and model output
(right).

Figure 1 illustrates how the model output is constructed
out of the rules consequencesf1 and f2 for the fuzzy setsF1

andF2. Output is calculated for the model

R1 : if u1 is F1 then f1 = 1,1+0,2 ·u1

R2 : if u1 is F2 then f2 = 0,7−0,6 ·u1

with parametersµ1,2 =−0,2, σ1 = 7,0 andσ2 =−7,0.
Figure 2 shows the output for the same model but

for trapezoidal fuzzy sets with parametersµ1,2 =−0,2,
σ1 =−1,2 andσ2 = 1,2.



2.1 Parameter Identification

Parameter optimization is designed to minimize the ap-
proximation errorE2 which is defined by the Euclidean
normL2 for the model output (10) as

E2 :=
1
2
‖~e‖2

2 =
1
2

M

∑
m=1

(
ym−

R

∑
q=1

vq(~um) · fq(~um)
)2

. (11)

Identification of all, premiseand consequence parame-
ters is achieved through a gradient descent algorithm. In
this work, we investigate two algorithms: standard gradi-
ent descent and resilient propagation.

Standard gradient descent, also known as backpropa-
gation in a neural network context, performs parameter
updates iteratively depending on the gradient of the tar-
get function (∂E2

∂pi
). Details can be found for example

in [16, 17, 18].
Resilient propagation(RPROP) is an enhanced gradient

descent algorithm that was initially developed for neural
network training. It has a resilient parameter update step
which is based on a local adaption to the topology of the tar-
get function (E2). Further details on RPROP can be found
in [6, 5, 18, 19].

In order to apply a gradient descent algorithm, one needs
to compute the derivatives of all parameters to be opti-
mized, namely the consequence parameters∂E2

∂cir
for all rules

Rr and the premise parameters∂E2
∂µd

and∂E2
∂σd

for all fuzzy sets
Fd. The derivatives are given [8] and in more detail in [19].

2.2 Structure Identification

The optimal model structure can be found through a full
combinatorial search which is inefficient for high dimen-
sional input spaces. We want to identify processes with a
large numberN of inputs. This requirement imposes us to
use some heuristics in order to find a good model struc-
ture in reasonable time. The optimal one-step search is a
bottom-up search approach that solves this problem. (In
the context of the defined fuzzy model structure, full com-
binatorial search would correspond to anR-step look-ahead
search.)

The optimal one-step search algorithm, also described in
e. g. [2, 4, 19], alternately determines a new model structure
and then optimizes this structure. Within each epoch, the
best structure of all investigated structures is saved and be-
comes the starting point for the next epoch. In every epoch
r, each rule is refined in each input variable, yieldingr ·N
candidate models to examine. Thus, at every epoch, the
input space is once more divided by adding a new rule.

Figure 3 shows the possibilities of model refinements to
examine. The algorithm starts with one rule containing a
linear model. At the second epoch, assuming the refine-
ment in theu1 variable was best, we have a model with two

u2

u1

1st epoch

2nd epoch

4th epoch

3rd epoch

R1 R2

R1

R3
R2

R2

R3R1

R4R1

Figure 3: Structure search in a twodimensional input space.

rules. Then, the model is further refined by comparing all
2 ·2 possibilities yielding a three-rule model, where the re-
finement in dimensionu2 of R2 was best. Finally, further
refinement of ruleR3 yields a four-rule model at the fourth
epoch.

The full one-step searchalgorithm finds the best struc-
ture that can be found using a one-step look-ahead and is
in this sense optimal. For identification of aR-rule model
with N inputs, altogether

1+
R

∑
r=1

N(r−1) = 1+N
(R−1)R

2
(12)

models must be created, optimized, and compared.
Theshortcut one-step searchfurther reduces the number

of models to examine by applying a simple idea: in each
epoch, not all rules are further refined, but only the rule
having the biggest approximation error, as this is the possi-
bility most likely to achieve the best refinement. With this,
only 1+(R−1) ·N models need to be examined, yielding a
model structure which is expected to be only slightly worse
than the one found by a full one-step search.

3 Evaluation Method

So far, we defined two different fuzzy sets (trapezes and
sigmoids), two rule premise types (with free or linkedµ
parameters), two different rule consequence types (Sugeno
and Yasukawa), two parameter optimization techniques



(standard gradient descent and RPROP), and two struc-
ture identification algorithms (full and shortcut one-step
search). In this section we investigate the achievable model
accuracies and compare all 32 model varieties by perform-
ing a nonlinear regression benchmark of I. Frank [9].

The benchmark is a Monte Carlo simulation of 40 dif-
ferent linear and nonlinear identification tasks. The model
quality is assessed using the R2 criterion given by

R2 = 1− s2
e

s2
y

= 1−

M
∑

m=1
(em− ē)2

M
∑

m=1
(ym− ȳ)2

(13)

with the modeling erroredefined ase= y− ŷ.
The benchmark contains four four-dimensional static

functions (A–D) and an example based on measured data
from food industry (E).

A: y = u1 +u2 +u3 +u4

B: y = 2(u1−1)2 +2(u2−1)2 +sin(2πu3)+ ln(u4 +0.1)
C: y = sin(u1 +u2 +u3 +u4)+ ln(u1 +u2 +u3 +u4)

D: y = 10sin(u1u2)+20(u3−0.5)2 +5u4

Data of E can be found in [9, 19]. Each model is exam-
ined with four levels of white noise which is added with
signal-to-noise ratios SNR = 1, 3, 7, and∞, respectively.
This corresponds to maximally reachable R2 values of 0.5,
0.9, 0.98, and 1.0. Besides that, each model is also created
with four additional input variables that only contain white
noise. Altogether, there are 5x4x2 = 40 models to be iden-
tified. For all these 40 models, training sets (100 points)
and test sets (1000 points) are generated by choosing the
u-variables uniformly in[0,1]. Data generation, modeling,
and test is performed fifty times and a final average R2 is
calculated.

4 Results

4.1 Runtime Complexity

Regarding the resulting derivations and parameter update
formulae we find that the complexity of one gradient de-
scent iteration for input dimensionN, R rules andM pat-
terns isO(RNM) calculation steps1 [8, 19]. This result is
remarkable, since this is the same complexity as of a whole
simulation run (i. e. feedforward step for allM patterns).
This means that parameter optimization using a gradient
descent algorithm scales the same way as using the model
for simulation.

Additional computing resources are needed for structure
identification. Full one-step search needsO(NR2) models

1For theO-calculus see [20].

to be examined (12), yielding an overall runtime complex-
ity of O(N2MR3).

4.2 Memory Complexity

Memory complexity isO(NM) [19], i. e. the number of
needed memory cells is mainly determined by the number
and dimension of the data patterns used for model identifi-
cation.

4.3 Accuracy

Accuracy is measured using the R2 criterion (13). A higher
R2-value means a better model accuracy.

Sugeno-type models using RPROP, trapeze fuzzy sets
with linked µ, and full one-step search achieved the best
results within the many investigated varieties of TSK mod-
els. Table 1 shows the comparison of model accuracy of
this TSK model with the accuracy of four modeling al-
gorithms from [9]: MARS (multivariate adaptive regres-
sion splines), ACE (alternating conditional expectations),
SMART (smart smooth multiple additive regression), and
CART (classification and regression trees). The table con-
tains mean R2 values over all forty models. A value of
(1.0+0.98+0.9+0.5)/4 = 0.845means an optimal iden-
tification.

algorithm: TSK MARS ACE SMART CART
® R2: 0,722 0,695 0,605 0,573 0,408

Table 1: Comparison of five modeling algorithms.

The benchmark and other simulated and real world iden-
tification examples (turbo charger [7], heat exchanger [19],
tank system [8]) show that the model accuracy of the pro-
posed TSK model is comparable with and sometimes better
than the accuracy of other modern modeling techniques.

4.4 Comparison of Different Model Types

In section 2 we defined two different fuzzy sets (trapezes
and sigmoids), two rule premise types (with free or linkedµ
parameters), two different rule consequence types (Sugeno
and Yasukawa), two parameter optimization techniques
(standard gradient descent and RPROP), and two struc-
ture identification algorithms (full and shortcut one-step
search).

Table 2 shows the mean R2-values over all 40 modeling
tasks of all 32 varietes (maximally achievable R2 is 0.845).
The most interesting results are:

• The choice of shape of the fuzzy set (trapeze or
sigmoid) has almost no influence on the achievable
model accuracy.



trapeze sigmoid
µ free µ linked µ free µ linked

Sug. Yas. Sug. Yas. Sug. Yas. Sug. Yas.

RP. 0.72 0.68 0.72 0.67 0.71 0.70 0.72 0.70full
g.d. 0.72 0.68 0.72 0.64 0.72 0.69 0.71 0.63
RP. 0.70 0.60 0.70 0.58 0.70 0.65 0.71 0.65short
g.d. 0.69 0.60 0.70 0.54 0.71 0.64 0.70 0.54

Table 2: Mean quality values R2 of different model types.

• Also linking theµ parameters does not reduce model
accuracy (although models with linkedµhave less free
parameters). Therefore, the gain in readability using
linkedµ can be achieved without loss of accuracy.

• As expected, Yasukawa-type models are less accurate
than Sugeno-type models. Still good (with accuracies
from 0.67 to 0.70) are Yasukawa models combined
with full one-step search and RPROP.

• Shortcut one-step search yields, except for Yasukawa-
type models, almost the same accuracy than full
search. The gain in computing speed can therefore
be used under little loss of accuracy.

• Both, standard gradient descent and RPROP achieve
about the same model accuracies. Since RPROP is
faster and much easier to use (no algorithm parame-
ters such as learning rate or momentum to choose),
RPROP is to be preferred.

trapeze sigmoid
µ free µ linked µ free µ linked

Sug. Yas. Sug. Yas. Sug. Yas. Sug. Yas.

RP. 0.32 0.30 0.33 0.32 0.31 0.28 0.32 0.33full
g.d. 0.34 0.31 0.34 0.31 0.33 0.32 0.32 0.29
RP. 0.33 0.26 0.34 0.28 0.32 0.25 0.33 0.30short
g.d. 0.34 0.27 0.34 0.25 0.33 0.28 0.33 0.24

Table 3: Mean R2 of different model types,SNR= 1.

trapeze sigmoid
µ free µ linked µ free µ linked

Sug. Yas. Sug. Yas. Sug. Yas. Sug. Yas.

RP. 0.92 0.88 0.92 0.84 0.92 0.90 0.92 0.86full
g.d. 0.89 0.84 0.91 0.79 0.92 0.87 0.90 0.80
RP. 0.88 0.77 0.87 0.72 0.89 0.84 0.89 0.82short
g.d. 0.85 0.76 0.88 0.68 0.89 0.82 0.88 0.70

Table 4: Mean R2 of different model types,SNR= ∞.

So far, we investigated the model quality in terms of
mean R2-values over all noise levels. It is also interesting
to investigate the accuracies achieved for single noise lev-
els, in particular forSNR= 1 andSNR= ∞. The tables 3
and 4 show the mean R2 with maximally achievable values
of 0.5 forSNR= 1 and 1.0 forSNR= ∞. Interesting results
are:

• Under absence of noise, accuracies using RPROP
are better than those using standard gradient de-
scent. RPROP seems to perform a deeper optimiza-
tion, which turns out as an advantage for data poor of
noise and as a disadvantage for data containing much
noise.

• Especially in the case of noiseless data, Sugeno-type
models can provide significantly higher accuracies
than Yasukawa-type models.

5 Conclusions

Structure identification using a (full or shortcut) one-step
search combined with a gradient descent algorithm for pa-
rameter optimization (preferably RPROP) yields an auto-
matic Takagi-Sugeno modeling approach that is capable to
identify real world problems [4, 7, 19].

Several construction approaches exist for TSK models.
The investigated method iteratively splits the input space
into smaller parts and globally optimizes all model param-
eters without restrictions. This yields small models with a
low number of parameters, but the optimization algorithm
must be “guarded” in order to avoid degenerated models
(e. g. by linking theµ parameters).

Using a global parameter optimization may produce a
model where the rules do not reflect local system behavior.
This is because rules may span large regions of the input
space (i. e. are too fuzzy). If, e. g. for better interpretabil-
ity, you want rules reflecting local system behavior, it is
furthermore necessary to enforce a minimum steepnessσ
of the fuzzy sets during the parameter optimization proce-
dure.

Another approach to solve this problem is to restrict nu-
merical optimization to the rules consequences or to ex-
plicitly optimize locally as in [4] or [21]. The resulting
models may need some more rules (i. e. more parameters)
to achieve the same accuracy, but are easier to handle.

The benchmark has shown that for measured data con-
taining little noise (SNR> 10), Sugeno-type models op-
timized with RPROPprovide the best accuracy within all
modeling varieties investigated in this work. Calculation
can then be sped up using a shortcut search without major
loss of model quality. If you prefer Yasukawa-type models,
e. g. for better interpretability, best choice is using RPROP
combined with a full one-step structure search.
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